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Àííîòàöèÿ
Ïðåäëîæåí óòî÷íåííûé âàðèàíò óðàâíåíèé ñâîáîäíûõ êîëåáàíèé îðòîòðîïíûõ ïëà-
ñòèí, ïîñòðîåííûõ â ïåðâîì ïðèáëèæåíèè ðåäóêöèåé òðåõìåðíûõ óðàâíåíèé òåîðèè óïðó-
ãîñòè ê äâóìåðíûì óðàâíåíèÿì òåîðèè ïëàñòèí ïóòåì èñïîëüçîâàíèÿ òðèãîíîìåòðè÷å-
ñêèõ áàçèñíûõ óíêöèé è óäîâëåòâîðåíèÿ ñòàòè÷åñêèì ãðàíè÷íûì óñëîâèÿì íà ãðàíè÷-
íûõ ïîâåðõíîñòÿõ. Ýòè óðàâíåíèÿ, ðåøåíèÿ êîòîðûõ íàéäåíû äëÿ ïëàñòèíû ñ øàðíèðíî
îïåðòûìè êðîìêàìè, ðàçäåëÿþòñÿ íà äâå îáîñîáëåííûå ñèñòåìû óðàâíåíèé. Ïåðâîé èç
íèõ îïèñûâàþòñÿ íåêëàññè÷åñêèå áåññäâèãîâûå ïðîäîëüíî-ïîïåðå÷íûå îðìû ñâîáîä-
íûõ êîëåáàíèé, ñîïðîâîæäàþùèõñÿ èñêàæåíèåì ïëîñêîé îðìû ïîïåðå÷íûõ ñå÷åíèé.
Ïîêàçàíî, ÷òî ñîîòâåòñòâóþùèå èì ÷àñòîòû êîëåáàíèé ïðè íåêîòîðûõ ãåîìåòðè÷åñêèõ
ïàðàìåòðàõ ïëàñòèíû ñèëüíî çàâèñÿò îò êîýèöèåíòà Ïóàññîíà, ìîäóëÿ óïðóãîñòè â
ïîïåðå÷íîì íàïðàâëåíèè è äëÿ ïëàñòèí ñðåäíåé òîëùèíû ïðè îäíîì è òîì æå çíà÷å-
íèè ÷àñòîòíîãî ïàðàìåòðà (òîíà) ìîãóò áûòü çíà÷èòåëüíî íèæå ÷àñòîò, ñîîòâåòñòâóþùèõ
êëàññè÷åñêèì ïðîäîëüíûì îðìàì ñâîáîäíûõ êîëåáàíèé, ñîâåðøàþùèõñÿ ñ ñîõðàíåíèåì
ïëîñêîé îðìû ïîïåðå÷íûõ ñå÷åíèé. Âòîðîé ñèñòåìîé óðàâíåíèé îïèñûâàþòñÿ ïîïåðå÷-
íûå èçãèáíî-ñäâèãîâûå îðìû ñâîáîäíûõ êîëåáàíèé, ÷àñòîòû êîòîðûõ óìåíüøàþòñÿ ïðè
óìåíüøåíèè ìîäóëÿ ïîïåðå÷íîãî ñäâèãà. Ïî êà÷åñòâó è ñîäåðæàòåëüíîñòè îíè ïðàêòè÷å-
ñêè ýêâèâàëåíòíû àíàëîãè÷íûì óðàâíåíèÿì èçâåñòíûõ âàðèàíòîâ óòî÷íåííûõ òåîðèé, íî,
â îòëè÷èå îò íèõ, ïðè óâåëè÷åíèè íîìåðà òîíà è óìåíüøåíèè ïàðàìåòðà îòíîñèòåëüíîé
òîëùèíû ïðèâîäÿò ê ðåøåíèÿì, ïîëó÷åííûì â ðàìêàõ êëàññè÷åñêîé òåîðèè ñòåðæíåé.
Êëþ÷åâûå ñëîâà: îðòîòðîïíàÿ ïëàñòèíà, óòî÷íåííàÿ òåîðèÿ, òðèãîíîìåòðè÷åñêèå
óíêöèè, ñâîáîäíûå êîëåáàíèÿ, ïðîäîëüíî-ïîïåðå÷íàÿ îðìà, ÷àñòîòû êîëåáàíèé.
Ââåäåíèå
ëàâíàÿ öåëü áîëüøèíñòâà èññëåäîâàíèé ïî ðàçðàáîòêå óòî÷íåííûõ âàðèàíòîâ
òåîðèè ñòåðæíåé, ïëàñòèí è îáîëî÷åê ñ ó÷åòîì ïîïåðå÷íûõ ñîñòàâëÿþùèõ äåîð-
ìàöèè ñîñòîÿëà â óòî÷íåíèè êëàññè÷åñêèõ óðàâíåíèé, îñíîâàííûõ íà ãèïîòåçàõ
Áåðíóëëè Ýéëåðà (äëÿ ñòåðæíåé) è Êèðõãîà Ëÿâà (äëÿ ïëàñòèí è îáîëî÷åê).
Ê íàñòîÿùåìó âðåìåíè ðàçðàáîòàí ðÿä ïîäõîäîâ ê ïîñòðîåíèþ òàêèõ óòî÷íåí-
íûõ òåîðèé, êîòîðûå îñíîâàíû íà ìåíåå æåñòêèõ äîïóùåíèÿõ, ÷åì îòìå÷åííûå
êëàññè÷åñêèå ãèïîòåçû. Ýòî  ïðèêëàäíûå óòî÷íåííûå òåîðèè Ñ.Ï. Òèìîøåíêî,
Ñ.À. Àìáàðöóìÿíà, Ý. åéññíåðà, Â. Êîéòåðà, Ï. Íàãäè è äð. Îíè â ïåðâóþ
î÷åðåäü ïîçâîëÿþò ó÷èòûâàòü âëèÿíèå äåîðìàöèé ïîïåðå÷íûõ ñäâèãîâ è ðàñ-
øèðÿþò îáëàñòü ïðèìåíåíèÿ ðàçâèòûõ òåîðèé ê ðàñ÷åòàì ýëåìåíòîâ êîíñòðóêöèé
èç ñîâðåìåííûõ êîìïîçèòíûõ ìàòåðèàëîâ. Ìíîãî÷èñëåííûå êîíêðåòíûå ðåçóëüòà-
òû, à òàêæå áèáëèîãðàèÿ ðàáîò, îòíîñÿùèõñÿ ê óêàçàííûì òåîðèÿì, ïðèâåäåíû è
ïðîàíàëèçèðîâàíû, â ÷àñòíîñòè, â ñåðèè ìîíîãðàèé ([16℄ è äð.) è îáçîðîâ ([7, 8℄
è äð.). Ïðè àíàëèçå ïðåäëàãàåìûõ óòî÷íåííûõ óðàâíåíèé àâòîðû âñåãäà ñðàâíèâà-
þò ìåæäó ñîáîé ðåøåíèÿ òåõ èëè èíûõ çàäà÷, ïîëó÷àåìûõ íà îñíîâå êëàññè÷åñêèõ
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è óòî÷íåííûõ óðàâíåíèé. Òàêîå ñðàâíåíèå, êàê ïðàâèëî, ïðîâîäèòñÿ èëè ïî îïðå-
äåëÿåìûì ïîëÿì ïåðåìåùåíèé, äåîðìàöèé è íàïðÿæåíèé ïðè ïîñòàíîâêå çàäà÷
ñòàòèêè, èëè ïî ÷àñòîòàì è îðìàì ñîáñòâåííûõ êîëåáàíèé ïðè ïîñòàíîâêå äèíà-
ìè÷åñêèõ çàäà÷, èëè ïî êðèòè÷åñêèì íàãðóçêàì è îðìàì ïîòåðè óñòîé÷èâîñòè
ïðè ïîñòàíîâêå çàäà÷ óñòîé÷èâîñòè. Â ðåçóëüòàòå òàêèõ ñðàâíåíèé, êàê ïðàâèëî,
ïûòàþòñÿ äîêàçàòü, ÷òî äëÿ ïîñòàíîâêè òåõ èëè èíûõ çàäà÷ ìåõàíèêè äåîðìè-
ðîâàíèÿ òîíêîñòåííûõ êîíñòðóêöèé ïðåäëàãàåìûå óðàâíåíèÿ áîëåå òî÷íûå, ÷åì
êëàññè÷åñêèå óðàâíåíèÿ.
Äëÿ îáîñíîâàíèÿ è îðìóëèðîâàíèÿ öåëè ïðîâîäèìûõ íèæå èññëåäîâàíèé ñëå-
äóåò îñòàíîâèòüñÿ íà àíàëèçå ðàáîò [911℄, ïîñâÿùåííûõ ïîñòðîåíèþ òî÷íûõ àíà-
ëèòè÷åñêèõ ðåøåíèé ëèíåéíûõ çàäà÷ òåîðèè óïðóãîñòè î ÷àñòîòàõ è îðìàõ ñâî-
áîäíûõ êîëåáàíèé, òî åñòü ðåøåíèé, óäîâëåòâîðÿþùèõ êàê óðàâíåíèÿì äâèæåíèÿ,
òàê è ñîðìóëèðîâàííûì ãðàíè÷íûì óñëîâèÿì. Â ïåðâûõ äâóõ èç íèõ áûëà ðàñ-
ñìîòðåíà äâóìåðíàÿ çàäà÷à î ïëîñêèõ îðìàõ ñâîáîäíûõ êîëåáàíèé ïðÿìîóãîëü-
íîé îðòîòðîïíîé ïëàñòèíû ñ íåçàêðåïëåííûìè êðàÿìè, ñâîáîäíûìè îò óñèëèé.
Íà áàçå äâîéíûõ òðèãîíîìåòðè÷åñêèõ áàçèñíûõ óíêöèé ïðè òî÷íîì óäîâëåòâîðå-
íèè âñåì ñòàòè÷åñêèì ãðàíè÷íûì óñëîâèÿì áûëè íàéäåíû àíàëèòè÷åñêèå ðåøåíèÿ
çàäà÷ â âèäå êîìïàêòíûõ îðìóë äëÿ îïðåäåëåíèÿ ÷àñòîò è óíêöèé ïåðåìåùåíèé,
îïèñûâàþùèõ îðìû áåññäâèãîâûõ êîëåáàíèé. Â äàëüíåéøåì â [11℄ òàêèå æå àíà-
ëèòè÷åñêèå ðåøåíèÿ òðåõìåðíîé çàäà÷è áûëè íàéäåíû è äëÿ ïðîñòðàíñòâåííîãî
îðòîòðîïíîãî ïðÿìîóãîëüíîãî ïàðàëëåëåïèïåäà ñî ñâîáîäíûìè ãðàíÿìè.
Àíàëèç ðåçóëüòàòîâ, ïîëó÷åííûõ â óêàçàííûõ ðàáîòàõ, ïðèâîäèò ê ñëåäóþùèì
âûâîäàì.
1. Ïîñòðîåííûìè ðåøåíèÿìè, ñîîòâåòñòâóþùèìè íóëåâîé ãàðìîíèêå â îäíîì èç
íàïðàâëåíèé, îïèñûâàþòñÿ êàê ÷èñòî èçãèáíûå, òàê è ÷èñòî ïðîäîëüíûå áåññäâèãî-
âûå îðìû êîëåáàíèé, ñîîòâåòñòâóþùèå êëàññè÷åñêîé ìîäåëè Áåðíóëëè Ýéëåðà
â òåîðèè ñòåðæíåé è Êèðõãîà Ëÿâà â òåîðèè ïëàñòèí. Ýòè ðåøåíèÿ õàðàêòåðèçó-
þòñÿ ñîõðàíåíèåì ïëîñêîé îðìû ïîïåðå÷íûõ ñå÷åíèé, òî åñòü òî÷êè, íàõîäÿùèåñÿ
â ïëîñêîñòÿõ, íîðìàëüíûõ ê îñÿì êîîðäèíàò äî äåîðìàöèè, îñòàþòñÿ â íîðìàëü-
íûõ ïëîñêîñòÿõ è â äåîðìèðîâàííîì ñîñòîÿíèè.
2. Óðàâíåíèÿ, îïèñûâàþùèå ïëîñêèå îðìû äâèæåíèÿ (â ÷àñòíîñòè, ñâîáîäíûå
êîëåáàíèÿ), ñîîòâåòñòâóþùèå ïëîñêîìó íàïðÿæåííîìó ñîñòîÿíèþ, è èõ ðåøåíèÿ
ìîãóò áûòü ïîëó÷åíû èç òðåõìåðíûõ óðàâíåíèé è èõ ðåøåíèé òîëüêî â ïðåäïî-
ëîæåíèè î òîì, ÷òî íîðìàëüíîå íàïðÿæåíèå ðàâíî íóëþ íå òîëüêî íà ñîîòâåòñò-
âóþùèõ ñâîáîäíûõ ãðàíÿõ òåëà, íî è íà âñåõ âíóòðåííèõ ãðàíÿõ, ïàðàëëåëüíûõ
ãðàíè÷íûì. Îäíàêî ÷àñòîòû ïëîñêèõ ïðîäîëüíûõ îðì êîëåáàíèé, íàéäåííûå
èç òàêèõ óðàâíåíèé, íå âñåãäà ÿâëÿþòñÿ íàèíèçøèìè ïî ñðàâíåíèþ ñ äðóãèìè.
Íàïðèìåð, äëÿ ïëîñêîãî ñòåðæíÿ-ïîëîñû èëè ïðîñòðàíñòâåííîãî áðóñà, íàðÿäó
ñ îðìàìè ïðîäîëüíûõ êîëåáàíèé, ñîâåðøàþùèõñÿ ñ ñîõðàíåíèåì ïëîñêîé îðìû
ïîïåðå÷íîãî ñå÷åíèÿ (èçâåñòíûå â ëèòåðàòóðå êëàññè÷åñêèå ðåøåíèÿ), èìåþòñÿ
òàêæå è áåññäâèãîâûå ïðîäîëüíî-ïîïåðå÷íûå îðìû ñâîáîäíûõ êîëåáàíèé, êîòî-
ðûå õàðàêòåðèçóþòñÿ èñêàæåíèåì ïëîñêîé îðìû ïîïåðå÷íîãî ñå÷åíèÿ. Åñëè íà
äâóõ ïðîòèâîïîëîæíûõ ãðàíÿõ ïåðåìåùåíèÿ â ïåðïåíäèêóëÿðíûõ ê íèì íàïðàâ-
ëåíèÿõ íå ñòåñíåíû, òî ÷àñòîòû ñâîáîäíûõ êîëåáàíèé, ñîîòâåòñòâóþùèõ âòîðîé èç
óêàçàííûõ îðì, íà 2030% íèæå ïî ñðàâíåíèþ ñ ÷àñòîòàìè, ñîîòâåòñòâóþùèìè
ñèòóàöèè ñîõðàíåíèÿ ïëîñêèõ îðì ïîïåðå÷íûõ è ïðîäîëüíûõ ñå÷åíèé.
Â ñèëó ñîðìóëèðîâàííûõ âûâîäîâ ïðåäñòàâëÿëîñü öåëåñîîáðàçíûì èñïîëüçî-
âàíèå òðèãîíîìåòðè÷åñêèõ áàçèñíûõ óíêöèé äëÿ ïîíèæåíèÿ ðàçìåðíîñòè òðåõ-
ìåðíûõ óðàâíåíèé òåîðèè óïðóãîñòè è ïîñòðîåíèå íà èõ îñíîâå òàêèõ îäíîìåð-
íûõ óðàâíåíèé òåîðèè ñòåðæíåé è äâóìåðíûõ óðàâíåíèé òåîðèè ïëàñòèí è îáî-
ëî÷åê, êîòîðûìè ïðè ìèíèìàëüíîì êîëè÷åñòâå ââîäèìûõ â ðàññìîòðåíèå èñêîìûõ
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óíêöèé óäàåòñÿ óäîâëåòâîðèòü ñòàòè÷åñêèì ãðàíè÷íûì óñëîâèÿì íà íåçàêðåïëåí-
íûõ ëèöåâûõ ïîâåðõíîñòÿõ ïëàñòèí è îáîëî÷åê, ó÷åñòü ïðè ýòîì äåîðìàöèè ïîïå-
ðå÷íûõ ñäâèãîâ è îáæàòèÿ, âûÿâèòü íà èõ îñíîâå âñå êëàññè÷åñêèå è íåêëàññè÷å-
ñêèå îðìû êîëåáàíèé. Êðîìå òîãî, òàêèå óðàâíåíèÿ áåç äîïîëíèòåëüíûõ äè-
åðåíöèàëüíûõ ïðåîáðàçîâàíèé äîëæíû äîïóñêàòü ïåðåõîä ê êëàññè÷åñêèì îäíî-
ìåðíûì óðàâíåíèÿì òåîðèè ñòåðæíåé è äâóìåðíûì óðàâíåíèÿì òåîðèè ïëàñòèí è
îáîëî÷åê, îñíîâàííûì íà êëàññè÷åñêèõ ãèïîòåçàõ Áåðíóëëè Ýéëåðà è Êèðõãîà 
Ëÿâà.
Áûëè ïîñòðîåíû [12℄ òî÷íûå è ïðèáëèæåííûå óðàâíåíèÿ ñòàòèêè è äèíàìèêè
ñòåðæíÿ-ïîëîñû, óäîâëåòâîðÿþùèå ñîðìóëèðîâàííûì âûøå óñëîâèÿì è òðåáî-
âàíèÿì. Ïîíèæåíèå ðàçìåðíîñòè äâóìåðíûõ óðàâíåíèé ïëîñêîé çàäà÷è ëèíåéíîé
òåîðèè óïðóãîñòè áûëî îñóùåñòâëåíî ïóòåì àïïðîêñèìàöèè ïîïåðå÷íûõ íîðìàëü-
íûõ è êàñàòåëüíûõ íàïðÿæåíèé â íàïðàâëåíèè ïîïåðå÷íîé êîîðäèíàòû íà áàçå
îäèíàðíûõ òðèãîíîìåòðè÷åñêèõ óíêöèé, ÷òî ïîçâîëèëî óäîâëåòâîðèòü ñòàòè÷å-
ñêèì ãðàíè÷íûì óñëîâèÿì íà ïðîäîëüíûõ ãðàíÿõ ïóòåì ââåäåíèÿ â ðàññìîòðåíèå
ìèíèìàëüíîãî êîëè÷åñòâà íåèçâåñòíûõ îäíîìåðíûõ óíêöèé.
Áûëî ïîêàçàíî [13℄, ÷òî ðåøåíèÿ ìîäåëüíûõ çàäà÷ î íàïðÿæåííî-äåîðìèðî-
âàííîì ñîñòîÿíèè ñòåðæíÿ-ïîëîñû ïðè íåêîòîðûõ âèäàõ íàãðóæåíèÿ, ïîëó÷åííûå
íà îñíîâå óêàçàííûõ óðàâíåíèé, ñ òî÷íîñòüþ O(ε5) (1 > ε > 0  îòíîñèòåëüíàÿ
âûñîòà ïîëîñû) ñîâïàäàþò ñ òî÷íûìè ðåøåíèÿìè, íàéäåííûìè íà îñíîâå äâó-
ìåðíûõ óðàâíåíèé ïëîñêîé çàäà÷è òåîðèè óïðóãîñòè. Ýòè ðåçóëüòàòû ïîçâîëÿþò
ïðåäëîæåííóþ ðàíåå [12℄ îáîáùåííóþ óòî÷íåííóþ ìîäåëü ðåêîìåíäîâàòü ê ïðàê-
òè÷åñêîìó ïðèìåíåíèþ êàê èìåþùóþ âåñüìà âûñîêóþ ñòåïåíü òî÷íîñòè äëÿ çàäà÷
ñòàòèêè. Èññëåäîâàíèå êà÷åñòâà è ñîäåðæàòåëüíîñòè ýòîé óòî÷íåííîé ìîäåëè [12℄
ïðè ïîñòàíîâêå è ðåøåíèè çàäà÷ î ñâîáîäíûõ êîëåáàíèÿõ ñòåðæíÿ-ïîëîñû ñ øàð-
íèðíî îïåðòûìè òîðöåâûìè ñå÷åíèÿìè ïðîâåäåíî â ðàáîòå [13℄. Â íàñòîÿùåé ñòàòüå
äàåòñÿ îáîáùåíèå ïîëó÷åííûõ â íåé ðåçóëüòàòîâ íà äâóìåðíûå çàäà÷è òåîðèè îð-
òîòðîïíûõ ïëàñòèí.
1. Óòî÷íåííûå óðàâíåíèÿ òåîðèè ïëàñòèí
ñ ó÷åòîì äåîðìàöèé ïîïåðå÷íûõ ñäâèãîâ è îáæàòèÿ
àññìîòðèì ïðÿìîóãîëüíóþ îðòîòðîïíóþ ïëàñòèíó, èìåþùóþ òîëùèíó 2h è
îòíåñåííóþ ê îðòîãîíàëüíîé äåêàðòîâîé ñèñòåìå êîîðäèíàò x1 , x2 , ζ , ñîâìå-
ùåííîé ñ îñÿìè îðòîòðîïèè. Â ñîîòâåòñòâèè ñ ðåçóëüòàòàìè ðàáîòû [13℄ ïðèìåì
óïðîùàþùèå ïðåäïîëîæåíèÿ
ν13 = ν31 = ν23 = ν32 = 0, (1)











, σ33 = E3 ε33,
σ12 = 2G12ε12, σ13 = 2G13ε13, σ23 = 2G23ε23,
(2)




; Eα , α = 1, 2, 3 ,  ìîäóëè óïðóãîñòè â íàïðàâëåíèÿõ
îñåé x1 , x2 , x3 = ζ ; ναβ , α , β = 1, 2, 3 ,  êîýèöèåíòû Ïóàññîíà; G12 , G13 ,
G23  ìîäóëè ñäâèãà;
2εαβ = uα,β + uβ,α (3)
 êîìïîíåíòû äåîðìàöèé; uα  ïðîåêöèè âåêòîðà ïåðåìåùåíèé íà îñè x1 , x2 , ζ .




= pc33 ∓ p
a
33, G13 (u1,ζ + u3,i)
∣∣
z=±h
= pc3i ∓ p
a
3i, (4)
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ãäå pc3α , p
a
3α  ñèììåòðè÷íûå (ñèíàçíûå) è àíòèñèììåòðè÷íûå (àíòèàçíûå) ñî-












Åñëè äëÿ êîìïîíåíò òåíçîðà äåîðìàöèé â ñîîòâåòñòâèè ñ ïîëó÷åííûìè ðàíåå
[12, 13℄ ðåçóëüòàòàìè èñïîëüçîâàòü ïðîñòåéøèå àïïðîêñèìàöèè





















òî, èñõîäÿ èç ñîîòíîøåíèé
σ33 = E3 ε33 = E3 u3,ζ , σi3 = 2Gi3εi3 = Gi3 (ui,ζ + u3,i) ,
äëÿ êîìïîíåíò ïåðåìåùåíèé ìîæíî ïîëó÷èòü âûðàæåíèÿ























Ïðè ýòîì ãðàíè÷íûå óñëîâèÿ (4) óäîâëåòâîðÿþòñÿ òî÷íî. Îòìåòèì, ÷òî â ñîîòíî-
øåíèÿõ (6) è (7) Ui = ui|ζ=0 , W = u3|ζ=0  íåèçâåñòíûå äâóìåðíûå óíêöèè,
ÿâëÿþùèåñÿ ïåðåìåùåíèÿìè òî÷åê ñðåäèííîé ïëîñêîñòè ïðè p3α = 0 , à ψi , ϕ 
àíàëîãè÷íûå äâóìåðíûå óíêöèè, êîòîðûìè îïèñûâàþòñÿ äåîðìàöèè ïîïåðå÷-
íûõ ñäâèãîâ è ïîïåðå÷íîãî îáæàòèÿ íîðìàëè ïðè p3α = 0 .
Ïîäñòàíîâêà ïîëó÷åííûõ âûðàæåíèé (7) â ñîîòíîøåíèÿ (3) ïðèâîäèò ê ñëåäó-
þùèì âûðàæåíèÿì äëÿ òàíãåíöèàëüíûõ êîìïîíåíò òåíçîðà äåîðìàöèé:
































Âàðèàöèÿ ïîòåíöèàëüíîé ýíåðãèè äåîðìàöèé â ñîîòâåòñòâèè ñ âûðàæåíèÿìè (6)































+Hijδψj,i +Nijδϕ,ij +Ni3δψi +N33δϕ
)
dx1 dx2, (9)





σij dζ; Mij = −
h∫
−h
σijζ dζ; Hij =
h∫
−h






σij cos rζ dζ; Nα3 = r
h∫
−h
σα3 cos rζ dζ.
(10)
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Åñëè äîïóñòèòü, ÷òî èñõîäíûå óïðîùàþùèå ïðåäïîëîæåíèÿ (1) âûïîëíåíû
ëèøü ñ íåêîòîðîé ñòåïåíüþ òî÷íîñòè, òî ïîñëå ïîäñòàíîâêè â (10) ñîîòíîøåíèé
(2), (8) è èíòåãðèðîâàíèÿ ïî ζ ìîæíî ïîëó÷èòü ñîîòâåòñòâóþùèå âûðàæåíèÿ äëÿ
ââåäåííûõ â ðàññìîòðåíèå óñèëèé è ìîìåíòîâ. Îäíàêî ïîëó÷àþùèåñÿ òàêèì îá-
ðàçîì ñîîòíîøåíèÿ äëÿ Tij , Mij , Hij , Nij ìîæíî óòî÷íèòü, åñëè îòêàçàòüñÿ îò
èñõîäíûõ ïðåäïîëîæåíèé (1) è ïðåäñòàâèòü ñîîòíîøåíèÿ îáîáùåííîãî çàêîíà óêà
â íåóïðîùåííîì âèäå





















∆ = 1− ν12 ν21 − ν23 ν32 − ν31 ν13 − 2 ν12 ν23 ν31.
(12)
Ïîäñòàâëÿÿ äàëåå ñîîòíîøåíèÿ (11) â âûðàæåíèÿ (10) è èñïîëüçóÿ (6) è (8), ïðè-





































































































































































3α = 0 ñîîòíîøåíèÿ
(7)(9), (13) ïðèíèìàþò âèä












(TijδUj,i +MijδW,ij) dx1 dx2, (15)




















Èç íèõ ñîîòíîøåíèÿ (14), (15) ÿâëÿþòñÿ êëàññè÷åñêèìè ñîîòíîøåíèÿìè òåîðèè
ïëàñòèí Êèðõãîà, à èçè÷åñêèå ñîîòíîøåíèÿ (15) ñòàíîâÿòñÿ êëàññè÷åñêèìè,
åñëè âûïîëíÿþòñÿ ïðèáëèæåííûå ðàâåíñòâà
g11 ≈ E1/(1− ν12 ν21), g12 ≈ E1 ν21/(1− ν12 ν21).
Ïîñëåäíèå ñòàíîâÿòñÿ òî÷íûìè, åñëè â îðìóëàõ (12) ïðèíÿòü âî âíèìàíèå ñîîò-
íîøåíèÿ (1).
Ïðåäïîëîæèì, ÷òî íà ãðàíÿõ xi = x
−
i , xi = x
+
i íà ïëàñòèíó äåéñòâóþò ïîâåðõ-

























pi3 sin rζ dζ
(17)
ïðèâîäÿòñÿ ê ñòàòè÷åñêè ýêâèâàëåíòíûì èì óñèëèÿì è ìîìåíòàì, ïðèëîæåííûì
â òî÷êàõ êîíòóðíûõ ëèíèé íà ñðåäèííîé ïëîñêîñòè ζ = 0 . Âàðèàöèÿ èõ ðàáîòû,




















































ãäå ââåäåíû â ðàññìîòðåíèå âíåøíèå ïîâåðõíîñòíûå óñèëèÿ è ìîìåíòû
Xα = −2p
a
3α + 2hFα; Yα = 2p
c
3α; Mi = −2hp
c
3i; mi = 2Fi/r
2. (19)
Èñïîëüçóÿ ñîîòíîøåíèÿ (7), äëÿ âàðèàöèè êèíåòè÷åñêîé ýíåðãèè ïëàñòèíû































X¨iδUi + X¨3δW + Y¨iδψi + Y¨3δϕ+ M¨iδW,i + m¨iδϕ,i
)
dx1 dx2, (20)
















































































Ïîäñòàâëÿÿ òåïåðü ïîëó÷åííûå âûðàæåíèÿ (9), (18), (20) â âàðèàöèîííîå óðàâ-




δI¨ − δA− δK
)
dt = 0,




































































































dt = 0, (22)
ãäå



















 îáîáùåííûå ïåðåðåçûâàþùèå ñèëû ïî Êèðõãîó íóëåâîãî è ïåðâîãî ïðèáëèæå-
íèé, à





 ïåðåðåçûâàþùèå ñèëû ïî Êèðõãîó, îïðåäåëÿåìûå èç óðàâíåíèé ðàâíîâåñèÿ ìî-
ìåíòîâ íóëåâîãî è ïåðâîãî ïðèáëèæåíèé.




Tij,j +Xi − X¨i = 0, i = 1, 2; f3 = S1,1 + S2,2 +N33 − Y3 − Y¨3 = 0; (25)




Hij,j −Ni3−Yi− Y¨i = 0, i = 1, 2; f6 = Q1,1 +Q2,2−X3 + X¨3 = 0 (26)
è ñîîòâåòñòâóþùèå èì ãðàíè÷íûå óñëîâèÿ ïðè xi = x
−





ij , åñëè δUj 6= 0, Nij = N
s
ij , åñëè δϕ,j 6= 0, S˜i = −N
s
i3, åñëè δϕ 6= 0, (27)
Hij = H
s
ij , åñëè δψj 6= 0, Mii =M
s
ii, åñëè δW,i 6= 0, Q˜i = −T
s
i3, åñëè δW 6= 0. (28)
Ñ ó÷åòîì ñîîòâåòñòâóþùèõ ñîîòíîøåíèé (13), (21), (24) óðàâíåíèÿ (25) è ãðà-
íè÷íûå óñëîâèÿ (27) îðìóëèðóþòñÿ îòíîñèòåëüíî òðåõ íåèçâåñòíûõ óíêöèé U1 ,
U2 , ϕ , à óðàâíåíèÿ (26) è ãðàíè÷íûå óñëîâèÿ (28)  îòíîñèòåëüíî óíêöèé W , ψ1 ,
ψ2 . Äëÿ íèõ ðàçëè÷íûå êîìáèíàöèè ãðàíè÷íûõ óñëîâèé îðìóëèðóþòñÿ, èñõîäÿ
èç (27) è (28) ñîîòâåòñòâåííî. Êðîìå óêàçàííûõ âûøå, â óãëîâûõ òî÷êàõ ïëàñòèíû
äîëæíû áûòü ñîðìóëèðîâàíû ñòàòè÷åñêèå ãðàíè÷íûå óñëîâèÿ
M12 =M
s
12 è N12 = N
s
12, åñëè δW 6= 0 è δϕ 6= 0 ñîîòâåòñòâåííî.
Â ñâåòå ïîëó÷åííûõ ðàíåå [13℄ ðåçóëüòàòîâ óðàâíåíèÿìè (25) îïèñûâàþòñÿ
ïðîäîëüíî-ïîïåðå÷íûå îðìû äèíàìè÷åñêîãî äåîðìèðîâàíèÿ, ñèììåòðè÷íûå îò-
íîñèòåëüíî ñðåäèííîé ïëîñêîñòè ζ = 0 , à óðàâíåíèÿìè (26)  èçãèáíî-ñäâèãîâûå
îðìû, àíòèñèììåòðè÷íûå îòíîñèòåëüíî ïëîñêîñòè ζ = 0 . Ïåðâûå èç íèõ ïðè
ψ ≡ 0 ïðåâðàùàþòñÿ â êëàññè÷åñêèå óðàâíåíèÿ ïëîñêîé çàäà÷è òåîðèè óïðóãîñòè,
îñíîâàííûå íà ðàâåíñòâàõ σ33 ≡ 0 , σ13 ≡ 0 , σ23 ≡ 0 , åñëè â ñèëó ïåðâîãî èç ýòèõ
ðàâåíñòâ â ñîîòíîøåíèÿõ (13) ïðèíÿòü




, g12 = ν21E1/(1− ν12ν21).
2. Ïðîäîëüíûå è ïðîäîëüíî-ïîïåðå÷íûå îðìû
ñâîáîäíûõ êîëåáàíèé ïðÿìîóãîëüíîé ïëàñòèíû
Åñëè äëÿ ïåðåìåùåíèé Ui è êîîðäèíàò xi ïðèíÿòü íîâûå îáîçíà÷åíèÿ U1 = U ,
U2 = V , x1 = x , x2 = y , òî ïðè èñïîëüçîâàíèè ïîëó÷åííûõ ñîîòíîøåíèé (13),
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Ñ ó÷åòîì ïîëó÷åííûõ ðàíåå [13℄ ðåçóëüòàòîâ èìååì, ÷òî ñèñòåìà óðàâíåíèé (29)
îïèñûâàåò ïðîäîëüíî-ïîïåðå÷íûå îðìû ñâîáîäíûõ êîëåáàíèé, ÿâëÿþùèõñÿ â ïî-
ïåðå÷íûõ ïëîñêîñòÿõ x = const è y = const áåññäâèãîâûìè.




























Ýòè óðàâíåíèÿ â îáùåì ñëó÷àå íåçíà÷èòåëüíî îòëè÷àþòñÿ îò óðàâíåíèé ïëîñêîé çà-
äà÷è òåîðèè óïðóãîñòè (î ïëîñêîì íàïðÿæåííîì ñîñòîÿíèè), è â òî÷íîñòè ê íèì îíè
ñâîäÿòñÿ ïðè ââåäåíèè ïðåäïîëîæåíèé (1). Ñëåäîâàòåëüíî, èìè îïèñûâàþòñÿ êëàñ-
ñè÷åñêèå ïðîäîëüíûå îðìû êîëåáàíèé, âêëþ÷àþùèå â ñåáÿ è ñäâèãîâûå îðìû
â ïëîñêîñòè xy .
Ïðåäïîëîæèì, ÷òî íà êðîìêàõ ïëàñòèíû x = 0 , x = a , è y = 0 , y = b ãðàíè÷-
íûå óñëîâèÿ òàêîâû, ÷òî îíè âûïîëíÿþòñÿ â êëàññå óíêöèé
U(x, y) = UmnX
′
m Yn, V (x, y) = VmnXm Y
′
n, n = 1, 2, . . . , m = 1, 2, . . . , (32)
ãäå Xm è Yn ÿâëÿþòñÿ ëèíåéíûìè êîìáèíàöèÿìè òðèãîíîìåòðè÷åñêèõ óíêöèé:
Xm = sinλmx+ αm cosλmx, Yn = sinµny + βn cosµny (33)
ñ àìïëèòóäíûìè çíà÷åíèÿìè Umn , Vmn ïåðåìåùåíèé U , V è ïàðàìåòðàìè αm ,
λm , βn , µn , λm = mpi/a , µn = npi/b , ïîçâîëÿþùèìè óäîâëåòâîðèòü îðìóëèðóå-
ìûì óñëîâèÿì. Â ÷àñòíîñòè, ãðàíè÷íûå óñëîâèÿ âèäà
U,x = 0, V = 0 ïðè x = 0, x = a,
V,y = 0, U = 0 ïðè y = 0, y = b
(34)
óäîâëåòâîðÿþòñÿ äëÿ óíêöèé Xm = sinλm x , Yn = sinµn y , ñîîòâåòñòâóþùèõ
øàðíèðíîìó îïèðàíèþ êðîìîê.


















òî ïîëó÷èì ñèñòåìó äâóõ îäíîðîäíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
(ωm − 1− gη)Umn − (g + g˜12)ηVmn = 0,
(g + g˜12)ηUmn + (ωm − 1− g0η)Vmn = 0.
(36)
Èç íèõ ïðè η = 0 , ÷òî ñîîòâåòñòâóåò áåñêîíå÷íî øèðîêîé ïëàñòèíå (òî åñòü a/b→
→∞), èëè ïðè n = 0 ñëåäóþò äâå îðìóëû äëÿ ÷àñòîòíîãî ïàðàìåòðà
ωm1 = g, ωm2 = 1, (37)














ÓÒÎ×ÍÅÍÍÀß ÒÅÎÈß ÎÒÎÒÎÏÍÛÕ ÏËÀÑÒÈÍ 109
Òàáë. 1
g η = 0 η = 1 η = 4 η = 9
ωm1 ωm2 ωm1 ωm2 ωm1 ωm2 ωm1 ωm2
0 0.000 1.000 0.700 1.300 0.884 4.116 0.900 9.100
1/2.6 0.385 1.000 0.700 2.069 1.810 5.113 3.717 10.129
Ïî ïåðâîé èç ýòèõ îðìóë îïðåäåëÿåòñÿ ÷àñòîòà ÷èñòî ñäâèãîâûõ îðì ñâîáîäíûõ
êîëåáàíèé, à ïî âòîðîé îðìóëå  ÷èñòî ïðîäîëüíûõ îðì ñâîáîäíûõ êîëåáàíèé,
ñîâåðøàþùèõñÿ â íàïðàâëåíèè îñè x ñ ñîõðàíåíèåì ïëîñêîé îðìû ïîïåðå÷íûõ
ñå÷åíèé x = const.
Â îáùåì ñëó÷àå, êîãäà η 6= 0 , óñëîâèå íåòðèâèàëüíîñòè ðåøåíèé ñèñòåìû (36)
äëÿ îïðåäåëåíèÿ ïàðàìåòðà ÷àñòîòû êîëåáàíèé ωm ïðèâîäèò ê õàðàêòåðèñòè÷å-
ñêîìó óðàâíåíèþ âèäà
ω2m − (l1m − l2m)ωm + lm = 0, (39)
â êîòîðîì
l1m = 1 + gη, l2m = g + g0η, lm = l1ml2m − (g + g˜12)η. (40)
åøåíèÿìè óðàâíåíèÿ (39) ÿâëÿþòñÿ êîðíè
ωm1,m2 =
[
l1m + l2m ±
√
(l1m − l2m)2 + 4η(g + g˜12)2
]
/2, (41)
çíà÷åíèÿ êîòîðûõ ïðèâåäåíû â òàáë. 1 äëÿ ñëåäóþùèõ ïàðàìåòðîâ èçîòðîïíîé
ïëàñòèíû: g0 = 1 (g11 = g22) , g˜12 = g12/g11 ≈ ν12 = 0.3 .
Ó÷åò ïîïåðå÷íîãî îáæàòèÿ ïëàñòèíû, ïîçâîëÿþùèé âûÿâèòü íåêëàññè÷åñêèå
ïðîäîëüíî-ïîïåðå÷íûå îðìû ñâîáîäíûõ êîëåáàíèé, ïðèâîäèò ê íåîáõîäèìîñòè
èíòåãðèðîâàíèÿ ñèñòåìû óðàâíåíèé (29). Äëÿ åå ïðåîáðàçîâàíèÿ â äîïîëíåíèå














Òîãäà ëåâûå ÷àñòè ïåðâûõ äâóõ óðàâíåíèé ìîæíî ïåðåïèñàòü â âèäå









f2 = (G12 + g12)
∂2U
∂x∂y







Åñëè, äàëåå, ñîñòàâèòü êîìáèíàöèè
l2(f1)− (G12 + g12)
∂2f2
∂x ∂y









































































Ñ ó÷åòîì óðàâíåíèé (45) òðåòüå óðàâíåíèå ñèñòåìû (29) ìîæåò áûòü ïðèâåäåíî



































ϕ = 0. (47)
åøåíèå óðàâíåíèÿ (47) áóäåì èñêàòü â âèäå
ϕ = ÔmnXm Yn, (48)
îíî, ñîâìåñòíî ñ ðåøåíèÿìè (32) ïðè Xm = sinλm x , Yn = sinµn y , íà êðîìêàõ
ïëàñòèíû óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì øàðíèðíîãî îïèðàíèÿ
T11 = 0, V = 0, N11 = 0, ϕ = 0 ïðè x = 0, x = a,
U = 0, T22 = 0, N22 = 0, ϕ = 0 ïðè y = 0, y = b.
(49)
Ïîäñòàâëÿÿ ðåøåíèÿ (48) â óðàâíåíèå (47), èñïîëüçóÿ óíêöèè (33), ââîäÿ áåç-
ðàçìåðíûå ïàðàìåòðû (35) è îáîçíà÷åíèÿ
g˜13 = g13/g11, i = 1, 2, 3; rm = r/λm, Lm = 1 + 2(2g + g˜12)η + g0η
2, (50)
èç óñëîâèÿ ñóùåñòâîâàíèÿ íåòðèâèàëüíûõ ðåøåíèé Ômn 6= 0 ïîëó÷àåì õàðàêòåðè-
ñòè÷åñêîå óðàâíåíèå
[































Àíàëîãè÷íàÿ ïîäñòàíîâêà ðåøåíèé (32) è (48) â óðàâíåíèÿ (45) ñ ó÷åòîì óíê-
öèé (33) è îáîçíà÷åíèé (35), (50) ïðèâîäèò ê çàâèñèìîñòÿì
Umn =
(g + g˜12) (L2m − ωm) η − (L1m − ωm) (l2m − ωm)





(g + g˜12) (L1m − ωm) η − (L2m − ωm) (l1m − ωm)






L1m = 1+ (2g + g˜12) η + r
2
m g˜13, L2m = 2g + g˜12 + g0 η − r
2
m g˜23. (53)
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Ìîæíî óáåäèòüñÿ, ÷òî äëÿ áåñêîíå÷íî øèðîêîé ïëàñòèíû, êîãäà η = 0 , óðàâ-










pi2r4m g˜33 − 2r
2
m g˜13 + (pi
2 − 8)− pi2 r2m









Ïîëó÷åííîå óðàâíåíèå (54) èìååò òðè êîðíÿ
ωm1 = g, ωm2 = 1 + qm −
√
q2m + pm, ωm3 = 1 + qm +
√
q2m + pm, (55)
ïåðâûé èç êîòîðûõ ñîîòâåòñòâóåò ñäâèãîâûì îðìàì êîëåáàíèé, ñîâåðøàþùèõñÿ
â ïëîñêîñòè xy , à äâà äðóãèõ (ïðè ν23 = 0)  áåññäâèãîâûì ïðîäîëüíî-ïîïåðå÷íûì
êîëåáàíèÿì, äåòàëüíî èññëåäîâàííûì ðàíåå [13℄ äëÿ ñòåðæíÿ-ïîëîñû. Åñëè ââåñòè
ïðåäïîëîæåíèå g13 = 0 (òî åñòü ν13 = 0), òî â ñèëó òîãî, ÷òî pm = 0 , äâà ïîñëåäíèõ
êîðíÿ (55) îêàçûâàþòñÿ ðàâíûìè
ωm2 = 1, ωm3 =





èç êîòîðûõ ωm2 ñîîòâåòñòâóåò ÷èñòî ïðîäîëüíûì êîëåáàíèÿì, ñîâåðøàþùèìñÿ â
íàïðàâëåíèè îñè x ñ ñîõðàíåíèåì ïëîñêîé îðìû ïîïåðå÷íîãî ñå÷åíèÿ, à ωm3 
ïðîäîëüíî-ïîïåðå÷íûì êîëåáàíèÿì.
Åñëè æå ââåñòè ïðåäïîëîæåíèå g˜13 = 0 , g˜23 = 0 , òî äëÿ ïëàñòèíû êîíå÷íîé
øèðèíû (η 6= 0) äëÿ ïåðâûõ äâóõ êîðíåé óðàâíåíèÿ (51) ìîæíî ïîëó÷èòü òå
æå âûðàæåíèÿ (41), êîòîðûå ñîîòâåòñòâóþò ðåøåíèÿì äèíàìè÷åñêèõ óðàâíåíèé
ïëîñêîé çàäà÷è òåîðèè óïðóãîñòè, à äëÿ òðåòüåãî êîðíÿ  âûðàæåíèå
ωm3 =
[










êîòîðîå ñîîòâåòñòâóåò îäíîé èç âîçìîæíûõ ïðîäîëüíî-ïîïåðå÷íûõ îðì êîëåáà-
íèé.
Â îáùåì ñëó÷àå, êîãäà η 6= 0 , g˜13 6= 0 , óðàâíåíèå (51) ïðåäñòàâèìî â îðìå
(ωm − ωm1) (ωm − ωm2) (ωm − qm3)− pmη ωm + qmη = 0, (58)
ãäå
qm3 = ωm3 −
2r2m (g˜13 + g˜23 η)
















g˜ 213 l2m + g˜
2
23 l1m η − 2g˜13 g˜23 (g + g˜12 η)
]
pi2r2m + (1 + η) (pi
2 − 8)
.
×èñëåííîå èññëåäîâàíèå ýòîãî óðàâíåíèÿ ïðîâåäåíî äëÿ ïàðàìåòðîâ ïëàñòèíû
g0 = 1 (òî åñòü g22 = g11 ); g˜12 = 0.3 (òî åñòü ν12 = ν21 = 0.3); g = 1/2.6
è ïðè âàðüèðîâàíèè äðóãèõ ïàðàìåòðîâ g˜13 = g˜23 , g˜33 , η , a/(2h) â ïðåäåëàõ
0 ≤ g˜13 ≤ 0.3 , 0.1 ≤ g˜33 ≤ 1 , 0 ≤ η ≤ 9 , 2 ≤ a/(2h) ≤ 10 . Íåêîòîðûå ðåçóëü-
òàòû âû÷èñëåíèé ïðèâåäåíû â òàáë. 2 è 3. Àíàëèç ýòèõ ðåçóëüòàòîâ ïîêàçàë, ÷òî
âñåãäà èìååòñÿ ÷àñòîòà
ω∗m1 = ωm1 =
[
l1m + l2m −
√
(l1m − l2m)2 + 4η (g + g˜12)2
]/
2,
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Òàáë. 2
g˜33 = 1
















1 1.00 3.86 2.07 3.83 4.21 5.11 5.97 10.13
2 1.01 1.01 1.29 2.07 3.00 5.11 6.97 10.13
3 0.61 1.00 1.19 2.07 3.62 5.11 8.28 10.13
4 0.57 1.00 1.35 2.07 4.10 5.11 8.97 10.13
0 5 0.61 1.00 1.50 2.07 4.39 5.11 9.35 10.13
6 0.67 1.00 1.62 2.07 4.59 5.11 9.57 10.13
7 0.72 1.00 1.72 2.07 4.71 5.11 9.71 10.13
8 0.77 1.00 1.78 2.07 4.80 5.11 9.80 10.13
9 0.80 1.00 1.84 2.07 4.86 5.11 9.87 10.13
10 0.83 1.00 1.87 2.07 4.90 5.11 9.92 10.13
2 1 0.90 3.85 1.78 3.91 3.15 5.71 4.82 10.50
2 0.70 1.20 1.03 2.17 2.63 5.19 6.51 10.20
3 0.49 1.04 1.04 2.10 3.41 5.14 8.04 10.16
4 0.49 1.02 1.24 2.09 3.96 5.13 8.82 10.14
0.3 5 0.55 1.01 1.42 2.08 4.30 5.12 9.95 10.14
6 0.62 1.01 1.57 2.08 4.52 5.12 9.50 10.14
7 0.68 1.01 1.67 2.07 4.66 5.12 9.66 10.13
8 0.73 1.00 1.75 2.07 4.76 5.12 9.76 10.13
9 0.78 1.00 1.81 2.07 4.83 5.12 9.84 10.13
10 0.81 1.00 1.85 2.07 4.88 5.11 9.89 10.13
1 1.00 99.81 2.07 99.63 5.11 99.11 10.13 98.32
2 1.00 24.82 2.07 24.66 5.11 24.27 10.13 23.95
3 1.00 10.94 2.07 10.81 5.11 10.64 10.13 10.97
4 1.00 6.10 2.07 6.01 5.11 6.10 7.15 10.13
0 5 1.00 3.86 2.07 3.83 4.21 5.11 5.97 10.13
6 1.00 2.66 2.07 2.69 3.37 5.11 5.76 10.13
7 1.00 1.95 2.04 2.07 3.01 5.11 5.93 10.13
8 1.00 1.50 1.66 2.07 2.90 5.11 5.93 10.13
9 1.00 1.20 1.43 2.07 2.92 5.11 6.62 10.13
10 1.01 1.01 1.29 2.07 2.92 5.11 6.97 10.13
10 1 0.93 99.77 1.92 99.55 4.73 98.93 9.31 98.03
2 0.92 24.78 1.91 24.59 4.65 24.19 8.92 24.11
3 0.92 10.91 1.89 10.77 4.45 10.77 7.43 12.69
4 0.91 6.07 1.85 6.01 3.93 6.79 5.52 10.89
0.3 5 0.90 3.85 1.78 3.91 3.15 5.71 4.82 10.50
6 0.89 2.67 1.65 2.91 2.64 5.42 4.85 10.36
7 0.86 1.99 1.45 2.47 2.44 5.30 5.19 10.28
8 0.82 1.58 1.25 2.29 2.42 5.24 5.63 10.24
9 0.77 1.34 1.11 2.21 2.50 5.21 6.08 10.22
10 0.7 1.20 1.03 2.17 2.63 5.19 6.51 10.20
êîòîðàÿ íå çàâèñèò îò ïàðàìåòðîâ è ñîîòâåòñòâóåò ñäâèãîâûì â ïëîñêîñòè xy îð-
ìàì êîëåáàíèé. Çíà÷åíèå âòîðîãî êîðíÿ óðàâíåíèÿ (58) ωm = ω
∗
m2 , ñîîòâåòñòâó-
þùåãî ïðîäîëüíî-ïîïåðå÷íûì îðìàì êîëåáàíèé, ïðè âñåõ ðàññìîòðåííûõ ïàðà-
ìåòðàõ ïëàñòèíû íèæå çíà÷åíèé ÷àñòîòû ωm2 , îïðåäåëÿåìîé ïî îðìóëå (41)
ωm2 =
[
l1m + l2m +
√
(l1m − l2m)2 + 4η (g + g˜12) 2
]/
2.
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Òàáë. 3
g˜33 = 0.1
















1 0.43 1.00 0.54 2.07 1.30 5.11 3.52 10.13
2 0.24 1.00 0.64 2.07 2.54 5.11 6.66 10.13
3 0.33 1.00 0.98 2.07 3.49 5.11 8.21 10.13
4 0.44 1.00 1.26 2.07 4.05 5.11 8.95 10.13
0 5 0.55 1.00 1.46 2.07 4.37 5.11 9.34 10.13
6 0.63 1.00 1.60 2.07 4.57 5.11 9.56 10.13
7 0.70 1.00 1.70 2.07 4.71 5.11 9.71 10.13
8 0.75 1.00 1.78 2.07 4.79 5.11 9.80 10.13
9 0.79 1.00 1.83 2.07 4.86 5.11 9.87 10.13
10 0.83 1.00 1.87 2.07 4.90 5.11 9.91 10.13
2 1 0.40 1.01 0.51 2.07 1.23 5.12 3.42 10.13
2 0.23 1.00 0.62 2.07 2.50 5.11 6.61 10.13
3 0.32 1.00 0.96 2.07 3.47 5.11 8.18 10.13
4 0.44 1.00 1.24 2.07 4.03 5.11 8.93 10.13
0.3 5 0.54 1.00 1.45 2.07 4.36 5.11 9.32 10.13
6 0.63 1.00 1.60 2.07 4.57 5.11 9.56 10.13
7 0.70 1.00 1.70 2.07 4.70 5.11 9.70 10.13
8 0.75 1.00 1.77 2.07 4.79 5.11 9.80 10.13
9 0.79 1.00 1.83 2.07 4.85 5.11 9.86 10.13
10 0.82 1.00 1.87 2.07 4.90 5.11 9.91 10.13
1 1.00 9.98 2.07 9.97 5.11 9.95 10.00 10.13
2 1.00 2.49 2.07 2.49 2.59 5.11 3.04 10.13
3 1.00 1.11 1.14 2.07 1.42 5.11 2.42 10.13
4 0.64 1.00 2.07 2.07 1.21 5.11 2.83 10.13
0 5 0.43 1.00 0.54 2.07 1.30 5.11 3.52 10.13
6 0.32 1.00 0.49 2.07 1.51 5.11 4.27 10.13
7 0.27 1.00 0.50 2.07 1.76 5.11 4.98 10.13
8 0.25 1.00 0.53 2.07 2.03 5.11 5.62 10.13
9 0.24 1.00 0.58 2.07 2.29 5.11 6.18 10.13
10 0.24 1.00 0.64 2.07 2.54 5.11 6.66 10.13
10 1 0.99 9.98 2.04 9.97 4.98 10.01 8.85 11.13
2 0.98 2.49 1.95 2.59 2.46 5.17 2.85 10.17
3 0.92 1.17 1.08 2.10 1.34 5.13 2.28 10.14
4 0.60 1.02 0.67 2.08 1.14 5.12 2.71 10.14
0.3 5 0.40 1.01 0.51 2.07 1.23 5.12 3.42 10.13
6 0.30 1.00 0.46 2.07 1.45 5.12 4.18 10.13
7 0.25 1.00 0.47 2.07 1.70 5.12 4.90 10.13
8 0.23 1.00 0.50 2.07 1.98 5.11 5.55 10.13
9 0.22 1.00 0.56 2.07 2.24 5.11 6.12 10.13
10 0.23 1.00 0.62 2.07 2.50 5.11 6.61 10.13
Îíè äîñòàòî÷íî ñèëüíî çàâèñÿò îò îïðåäåëÿþùåãî ïàðàìåòðà g˜33 , ÷òî óêàçûâàåò
íà èõ çíà÷èòåëüíóþ ïðàêòè÷åñêóþ çíà÷èìîñòü äëÿ ïëàñòèí èç âîëîêíèñòûõ êîì-
ïîçèòíûõ ìàòåðèàëîâ. Òàê, íàïðèìåð, ñðàâíèâàÿ çíà÷åíèÿ ωm2 , ïðèâåäåííûå â
òàáë. 1, ñî çíà÷åíèÿìè ω∗m2 , ïðèâåäåííûìè â òàáë. 2 (ïðè g˜33 = 1 , ÷òî ñîîòâåò-
ñòâóåò èçîòðîïíîìó ìàòåðèàëó) è òàáë. 3 (ïðè g˜33 = 0.1), ìîæíî âèäåòü, ÷òî ïðè




114 Â.Í. ÏÀÉÌÓØÈÍ, Ò.Â. ÏÎËßÊÎÂÀ
Êàê âèäíî èç òàáë. 2 è 3, íàèáîëüøèå çíà÷åíèÿ èìååò òðåòèé êîðåíü óðàâíå-







+ pi2r4m g˜33 − 2r
2
m (g˜13 + g˜23 η)
pi2r2m + (1 + η) (pi
2 − 8)
.
àáîòà âûïîëíåíà ïðè ïîääåðæêå ÔÔÈ (ïðîåêò  12-01-00279-a).
Summary
V.N. Paimushin, T.V. Polyakova. On a Variant of the Improved Theory of Ortotropi
Plates: Nonlassial Forms of Free Flutuations.
This paper oers an improved variant of the equations of free utuations of ortotropi
plates onstruted as a rst approximation by the redution of the three-dimensional equations
of the theory of elastiity to the two-dimensional equations of the theory of plates by using
trigonometri basi funtions and by satisfying stati boundary onditions on boundary
surfaes. The solutions to these equations are found for a plate with jointedly supported edges.
The equations are divided into two isolated systems of equations. The rst system desribes
the nonlassial shiftless longitudinal-transverse forms of free utuations aompanied by
a distortion of the at form of the transverse setions. It is shown that the utuation
frequenies orresponding to these forms at some geometrial parameters of a plate strongly
depend on Poisson's ratio and elastiity module in a transverse diretion and, for plates of
a medium thikness with the same frequeny parameter (tone), an be onsiderably lower than
the frequenies orresponding to the lassial longitudinal forms of free utuations proeeding
with preservation of the at form of the transverse setions. The seond system of equations
desribes the transverse bend-shift forms of free utuations, the frequenies of whih derease
at the redution of the transverse shift module. Aording to the quality and pithiness, these
equations are almost equivalent to the similar equations in the known variants of improved
theories, but, unlike them, under the inrease in the tone number and the redution of thikness
ratio, lead to the solutions obtained within the lassial theory of rods.
Key words: ortotropi plate, improved theory, trigonometri funtions, free utuations,
longitudinal-transverse form, utuation frequenies.
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